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Abstract  
The optimal capital growth strategy or Kelly strategy, has many desirable properties 
such as maximizing the asympotic long run growth of capital. However, it has 
considerable short run risk since the utility is logarithmic, with essentially zero Arrow- 
Pratt risk aversion. Most investors favor a smooth wealth path with high growth. In this 
paper we provide a method to obtain the maximum growth while staying above a 
predetermined ex-ante discrete time smooth wealth path with high probability, with 
shortfalls below the path penalized with a convex function of the shortfall so as to force 
the investor to remain above the wealth path. This results in a lower investment fraction 
than the Kelly strategy with less risk, and lower but maximal growth rate under the 
assumptions. A mixture model with Markov transitions between several normally 
distributed market regimes is used for the dynamics of asset prices. The investment 
model allows the determination of the optimal constrained growth wagers at discrete 
points in time in an attempt to stay above the ex-ante path. 
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P (t) = (P0(t), P1(t), ..., Pn(t))
′, 
 P0(t) 	
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 Yik (t) = nPik (t) , i = 0, ..., n   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
 	 	 k, k = 1, ...,m
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dY0k (t) = rtdt "
dYk (t) = αkdt+ΔkdZk, k = 1, ...,m, #
	 Yk(t) =
⎛
⎜⎜⎜⎜⎝
Y1k(t)

Ynk(t)
⎞
⎟⎟⎟⎟⎠ , αk =
⎛
⎜⎜⎜⎜⎝
α1k

αnk
⎞
⎟⎟⎟⎟⎠ ,Δk = (δijk) , dZk =
⎛
⎜⎜⎜⎜⎝
dZ1k

dZnk
⎞
⎟⎟⎟⎟⎠ ,  dZik, i =
1, ..., n  	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 P [S(t + h) = j|S(t) = i] = gij · h+ o(h),  o(h)h → 0

 h → 0.  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

 	
 	 	 i 	 
		
   i   	 	 
gi =
∑m
j=1 gij.  pij =
gij
gi
	
    		   

 %
  	 j 
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 i, j 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 	 Pij(t) = Pr [S(t) = j|X(0) = i]
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,
Pij(t+ s) =
∑
k∈S Pik(t)Pkj(s).
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	 
 R(X(t)) 	 
	
   		 
  		
 	 % ω   	 Ω  	 
%
 
	
"  
	 	 (Ω, B, P )
* R(ω,X(t)), ω ∈ Ω,  	 
%
 
	
" 
 X(t)  	  
	 
	    		 
 %   % %%
 
%
   	 
	

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Pr[ln(R(X(t)) ≥ ln(w∗(t))− ln(W (t− 1)), t = 1, . . . , T ] ≥ 1− α  !$#
X(t)e = 1, t = 1, ..., T.
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maxX
{
E
T∑
t=1
{
ln(R(X(t))− γIA∗t [ln(w∗(t))− ln(W (t− 1))− ln(R(X(t)))]
}}
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ln(R(ω,X(t)) ≥ ln(w∗(t))− ln(W (ω, t− 1)), t = 1, . . . , T, ω ∈ A∗
X(t)e = 1, t = 1, ..., T.
  	 
 	  	 L(X, λ∗, A∗) =
E
T∑
t=1
[{
ln(R(X(t))− γIA∗t [ln(w∗(t))− ln(W (t− 1))− ln(R(X(t)))]
}]
+
E
T∑
t=1
IA∗tλ
∗
t (ω) (ln(w
∗(t))− ln(W (t− 1))− ln(R(X(t)))) . 
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+ E [IA∗λt(ω) (ln(w
∗(t))− ln(W (t− 1)− ln(R(ω,X(t)))] , 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MaxX(t) {E [ln(R(X(t)))− γIA∗ [ln(w∗(t))− ln(w(t− 1))− ln(R(X(t)))]]} #
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ln(R(X(t)) ≥ (ln(w∗(t)))− ln(w(t− 1)), ω ∈ A∗ 	

X(t)e = 1.
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  ln(W (t)) = ln(W (t− 1)) + ln(R(X(t)),  
Pr [ln(W (t− 1)) + ln(R(X(t)) ≥ ln(w∗(t))), t = 1, . . . , T ] ≥ 1− α
   
1− Pr [∨Tt=1 (ln(W (t− 1)) + ln(R(X(t)) < ln(w∗(t)))] ≥ 1− α.
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Max
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E
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ln(R(X(t))− γ[ln(w∗(t))− ln(w(t− 1))− ln(R(X(t))]+]} 	%&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Pr [ln(R(X(t)) > ln(w∗(t)− ln(w(t− 1)] ≥ 1− αt  
X(t)e = 1.
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ln(Rk(X(t))) =
[
X ′(t)(φ˜k − r˜e) + r − 1
2
X ′(t)Δ˜2kX(t)
]
+X ′(t)Δ˜kZk.
 ln(Rk(X(t))) < ln(w
∗(t))− ln(w(t− 1))  [ln(w∗(t)− ln(w(t− 1)− ln(Rk(X(t))]+
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ˆ ln(w∗(t))−ln(w(t−1))
−∞
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σ˜k(t)
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′(t)(φ˜k− r˜e)+ r˜− 12 σ˜2k(t) 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⎜⎜⎜⎜⎝
x∗1

x∗n
⎞
⎟⎟⎟⎟⎠ 
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  t  P [ln(R(X∗)) < g(t)] = α∗t 
 	    	  	
α∗t =
ˆ g(t)
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[
K∑
k=1
πkfk(v)]dv, !"#$
 fk(v)   	  	  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∗
k = Eln(Rk(X
∗)) = X∗
′
(
φ˜k − r˜e
)
+ r˜ −
1
2
X∗
′
Δ˜2kX
∗ 	  	 σ∗k = σ
2(ln(Rk(X
∗)) = X∗
′
Δ˜2kX
∗
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η∗t =
1
α∗t
{ˆ g(t)
−∞
πk[
K∑
k=1
(g(t)− v)fk(v)]dv
}
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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 Vk = ln(Rk(X
∗) %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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  	 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(π1, π2).        Θ = (φ˜1, δ˜
2
1, π1, φ˜2, δ˜
2
2, π2)  φ¯ = π1φ˜1 + π2φ˜2 

δ¯2 = π1δ˜
2
1 + π2δ˜
2
2       	
  x
∗ = φ¯−r
δ¯2
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α∗t = π1Φ(z
∗
1) + π2Φ(z
∗
2)  #
η∗t = g(t)−
1
α∗t
{π1 [μ∗1Φ(z∗1)− σ∗1Φ′(z∗1)] + π2 [μ∗2Φ(z∗2)− σ∗2Φ′(z∗2)]} ,  $
 Φ 	    
 
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  	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	 	
 

z∗1 =
g(t)−
[
x∗(φ˜1 − r˜) + r˜ − 12x∗2δ˜21
]
x∗δ˜1
z∗2 =
g(t)−
[
x∗(φ˜2 − r˜) + r˜ − 12x∗2δ˜22
]
x∗δ˜2
.
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(
φ˜1, δ˜1, φ˜2, δ˜2
)
 (  r˜ = 0, φ˜1 = φ, φ˜2 = (1 − c)φ1, δ˜1 = δ˜2 = δ, π1 = 1 − π, π2 = π.
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  x∗ = (1− cπ) φ
δ2.
 ∂x
∗
∂c
= −π φ
δ2
< 0.
 α∗ = (1− π) Φ(z∗1) + πΦ(z∗2),  ∂α
∗
∂c
= (1 − π)Φ′(z∗1)∂z
∗
1
∂c
+ πΦ′(z∗2)
∂z∗2
∂c
. 
z∗2 = z
∗
1 +
φ
δ
c 
 
 
∂z∗1
∂c
= πδ
φ(1−cπ)2
[
g − 0.5φ2
δ2
(1− cπ)
]
,
∂z∗2
∂c
=
∂z∗1
∂c
+ φ
δ
.
∂z∗1
∂c
    g   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2
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< 0  g < g∗ ∂α
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∂c
> 0  g > g∗.
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max
{
F (X(t))|G(X(t)) ≤ 0, X(t)e = 1} .
  	
 	   	
   
 φ˜1 = φ, φ˜2 =
(1−c)φ, δ˜1 = δ˜2 = δ, π1 = 1−π, π2 = π. 	
 x 	
 	 	  	
  	  !
	" 	 x = fx∗, 
 x∗ = argmax
{(
(1− cπ)φx− 1
2
x2δ2
)}
 	
 ! 		#
$
 ! 
	 	  α∗ = Pr [ln(R(x∗) < g] . % x∗ > 0.
  	
  f ∗  	
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 	  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
  
  γ
 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 f ∗
 
  
 α 

  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  	
 
 f ∗
 
  
 γ 

&
  F (x) =
(
(1− cπ)φx− 1
2
x2δ2
)− γg(t) (π1Φ(z1) + π2Φ(z2))
+γ {π1 [μ1Φ(z1)− σ1Φ′(z1)] + π2 [μ2Φ(z2)− σ2Φ′(z2)]}  G(x) = π1Φ(z1)+π2Φ(z2)−α,

 μk = x
(
φ˜k − r˜
)
+ r˜ − 1
2
x2δ˜2k  σk = xδ˜k   zk =
g(t)−[x(φ˜k−r˜)+r˜− 12x2δ˜2k]
xδ˜k

k = 1, 2#
$
  '	 
  0 < x < x∗,
∂
∂x
(
(1− cπ)φx− 1
2
x2δ˜2
)
> 0
∂
∂x
(π1Φ(z1) + π2Φ(z2)) > 0
∂
∂x
{π1 [μ1Φ(z1)− σ1Φ′(z1)] + π2 [μ2Φ(z2)− σ2Φ′(z2)]} < 0
()
∂∂x
{π1 [μ1Φ(z1)− σ1Φ′(z1)] + π2 [μ2Φ(z2)− σ2Φ′(z2)]− g(t) (π1Φ(z1) + π2Φ(z2))} < 0.
  	
  L(x, λ) = F (x)−λG(x). 	 L(x, λ|α, γ) = ((1− cπ)φx− 1
2
x2δ2
)
+γ {π1 [μ1Φ(z1)− σ1Φ′(z1)] + π2 [μ2Φ(z2)− σ2Φ′(z2)]− g(t) (π1Φ(z1) + π2Φ(z2))}
−λ[(π1Φ(z1) + π2Φ(z2))− α].  	 	 λ∗, maxx {L(x, λ∗|α, γ1)} ≥
maxx {L(x, λ∗|α, γ2)}  0 < γ1 < γ2  xγ1 = argmax {L(x, λ∗|α, γ1)} ≥ xγ2 =
argmax {L(x, λ∗|α, γ2)} .
	
 xγ1 = fγ1x
∗, xγ2 = fγ2x
∗,  
 fγ1 ≥ fγ2 .  maxx {L(x, λ∗|α1, γ)} ≤
maxx {L(x, λ∗|α2, γ)}  0 < α1 < α2  fα1 ≤ fα2 .
  
  	
    	
 		 	
  g  	  α =
0.05, 
 π1 = 0.8, π2 = 0.2, r˜ = 0.00015  	
    	  	 
φ˜1 = 0.000375, φ˜2 = −0.0005  δ˜21 = δ˜22 = 0.000225  	
  	
  		
 	 	 	
 	 x∗ = 0.22  	  	
	 g = w∗(t) − w(t − 1), 	
 	
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  
 t 
 (x0(t), x1(t), x2(t)) 	 
 


 	  w(0) = $100
 	 
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• ,
     %   φ˜j, j = 1, 2, 3  
 -
!.+
⎛
⎜⎝ −0.1
0.035
⎞
⎟⎠ ,
⎛
⎜⎝ 0.015
0.06
⎞
⎟⎠ ,
⎛
⎜⎝ 0.25
−0.02
⎞
⎟⎠ .
/0
•  	 
  	Δ˜2j  		 j = 1, 2, 3 			 	
⎛
⎜⎝ 0.09 −0.0108
−0.0108 0.0324
⎞
⎟⎠ ,
⎛
⎜⎝ 0.0484 0.0099
0.0099 0.0225
⎞
⎟⎠ ,
⎛
⎜⎝ 0.0025 −0.0015
−0.0015 0.01
⎞
⎟⎠ .
•   
 		
P =
⎛
⎜⎜⎜⎜⎝
0.75 0.15 0.1
0.1 0.8 0.1
0.2 0.1 0.7
⎞
⎟⎟⎟⎟⎠ .
•   
 		
π(0) = (0, 1, 0) .
•   
		 	 	
r˜ = 0.02.
•  	 	  ! 	 			 	"	 		   	  ! 		
  	    	 	 	# 
  		    
    w(t− 1) < w∗(t− 1),
 	 w∗(t) = 1.01× w(t− 1). 
  	 	  				     w(t− 1) > w∗(t− 1),
 	 w∗(t) = 0.99 × w(t − 1).  	 	   	  	  	"		 
  	
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 	 	  		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  	 		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  	     ! 
	  	
		 	#  	  	 	 (0.99, 1.01) 	 
 #
 	 		 	 	 	  
  	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 	 	 T = 256# $ 	 	
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	 !  	 %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    
maxX(t)
{
F (X(t), γ, g(t))|G(X(t), α, g(t)) ≤ 0, X(t)e = 1} ,
&'
  F (X(t), γ, g(t)) =
3∑
k=1
πk(t) · [μk(t)]−
γ
3∑
k=1
πk(t)
ˆ z∗k(X(t))
−∞
(g(t)− [μk(t) + z · σk(t)])f (z)dz,
 G(X(t), γ, g(t)) =
∑3
k=1 πk(t)
´ z∗k(X(t))
−∞ f
(z)dz − αt
	
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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